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Abstract

The life cycle-permanent income (LPCI} hypothesis is one of the most important hypothesis describing how age-
related patterns of consumer behavior affect consumption, saving and tabor supply. The mathematical structure of
the LPCI hypothesis consists of functional optimization. The medetl includes the performance function of lifetime
utility, system equations and related constraints. In our model, we assume that a household allocates streams of
consumption and investments in various financial assets so as to maxumze the expected vaiue of its lifetime utility,
The introduction of this expected value is the man difference from our previcus analysis in Maki and Alyoshi
(1997). From the start of employment until the time of retirement, a household considers the optirnal combination
of consumption and investment in a variety of financial assets, We assume interest rates of financial assets are
discrete-type stochastic variables which have a probability corresponding to prevailing interest rates. The
simulation suggests that the expected rate of retumn plays an important role in determining the period beginning of
asset accumulation and reduction of consumption. Cur finding is: there are many types of streams for consumption
and asset accumulation paths reflecting different combinations of interest rates with related probabilities.

1. Introduction

The life cycle-permanent income (LPCI)
hypothesis is one of the most important hypothesis
describing how age-related patterns of consumer
behavior affect consumption, saving and iabor supply.
The mathernatical structure of the LPCI hypothesis
consists of functional optimization. The model
includes the performance function of lifetime utility,
system equations and related constraints,

‘We empioy a simulation method based on an
algorithm of optimal control analysis using the penalty

method to determine allocation of household
consumption and financial assets over time.

In our model, we assume that a household
allocates streams of consumption and investments in
various financial assets so as to maximize the expected
value of its lifetime utifity. The introduction of this
expected value is the main difference from our previous
analysis in Maki and Aiyoshi (1997). From the start of
employment until the time of retirement, a household
considers the optimal combination of consumption and
mvestent i & variety of financial assets. We assume
mierest rates of financial assets are discrete-type
stochastic variables which have a probability
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corresponding to prevailing interest rates.

I The Model

As a means to introduce stochastic variables
in the model, stochastic movement of income streams
and that of interest rates are considered. In the present
mode] we introduce the stochastic variables for interest
rates which have probabilities based on past trends.
The expested portfolio model is estimated based on the
following variables: t, ime variable, a(t) is the financial
asset at t, o(t) is the comsumption at t, w(t) 18 the
income at i, § s the discount rate, {4 is the mterest
rate of j-th asset, a, is the initial asset and a, is the
required financial assets at the time of retirement.

The maximization of the expected value of the

lifetime utility function is formulated as:

N
max B[ T (1+8)'Ue)] ey
c{.) =1

We assume that there is no siochastic factor
for the income stream, and m levels of interest rates are
determined stochastically with the probability of
interest rates of r,, ..., r, as P{ry), Pdry...., and P},
respectively.

The constraint is

m
Y P{m=1 o))
=1

Based on this assumption, let us consider the
expected amount of assets for the time 2 {1 = 2). The
expected value of the asset, a'(2) are formulated as:

mn
a(2)= L P{ra(2)

1=

m
=7 P 1+rga(l)
=1
i m
+w(1} T Py - (DL Py
=1 =1
m
={1+% P ya(l)
=]
+w(ly-c(l) (33

The asset of the time 3 is:
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m m
a(3y=1 L IPPAn) a3
=1 j=1

m
={i+] Py 1a’(2)
j=1

+w(2) - o(2) )

where a; indicates the accumulated assets in the third
period reflecting inferest rates of r; during the first
period and 1, during the secend period.

The expected value of assets in the t-th period
180

a’(y)

m il
=¥ .. LB Pultenr
i(1=1 {t-1)=1

ai(i)..,i(:-l)(t)
m
={1+Y P} a’(t-1)
=1
+wit-1) - c(t-1) | (3)

where a, ., indicates the accumulated assets in the
t-th period reflecting interest rates from the first to {t-
1)-th peried of 1, .., and 1.y, respectively.

Fatending the previous model developed by
Maki and Aiyoshi (1997), we formulate three
simulation models.

The simulation model is formulated so as to
maximize the lifetime utility function as:

N-1
max -} exp (-d0)(e(t)-c){e(t)-c,)
o) =1
©)

The evaluation function is the same for all the
foliowing models. However, the restrictions of the
evaluation function (6) are different from each other as
follows:

{a) Model
Restrictions:
m
2ty = {1+ 5 Pnia(0
=1



+w(t) - o(t)
=1, N-1
a(ly=a,
0 < e(t) < 1/2{c,+c,)
t=1,.N-1
a(t)y=0 = 1,.,N
This model includes only one asset. The last

inequality indicates liguidity constraints related to
household assets.

(b) Model 2
Restrictions;
m
a (¢ = {1 j=21 PMrin}a, ()
{1y (O}w() - c(t)
t=1,..N-1
m
&, (t+1) = { 1§§1Pt2(rj)ﬁ}%'(t)
Fy(OwD)
t=1,.,N-1
3, (D =a(1)=0
Os o) € 1/2(c,+ey)
t=1,..N
(0,2, ()20
t=1,.,.N
Ds (D) <1 t=1,..N

The first asset is used for both consumption
and savings and the second asset is used for savings.
The model includes forced savings because some
amount, indicated in y(), of current eamnings
accumulates to the assets. In this formulation the
variables for maximization are not only ¢() but also

¥ (-

(c) Model 3
Restrictions :

m
a, (t+1) = {I+F Pt} }a,"(1)
=1

{1y {OHw(O - (D)}

t=1,....N-1
m
8y (t+1) = {1+F PAr)n}a, ()
j=1

+y(O{w(t) - o)}

=1,..,N-1
a(1)=2a(1)=0
Ol 120+

t=1,..N-1
g, (1),a, =20

t=1,..N
O<y(t) <l t=1,.. N

Current saving is divided into designated first
and second financial assets at the rate of 1-v(t) and

T{D.
HI. Numerical analysis of the Model

In solving the models, the original models are
transformed by utilizing the penalty method to
accommodate the termminal condition and inequality
constraints, The problem including penalty terms is

called the transformed problem against the original
model. The transformed model 3 is:

max - %xp(-m)(cct)«co(cca-cz)
e(hy() t=i
- e(minfa, (1), 0])°
- &(min[a, (1), 0])*
- €(minfc(t), 0)°
- e(maxe(D), 172(c, +c)])?

- &(minfy (1}, 0])*
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- e(max[y(®), 1])°
- e, )+ (D) - 2,)7]
and the restrictions are:
m
a, (t+1)= {1+ Pt!(rj);}}al‘(t)
!
+ {1 -y {w(t) - e}
t=1,....N-1
m
a, (t+]) = {1+ ¥ PArta (1)
=l
+y (O {wt) - c(D);
t=1,....N-1
a(1)=a,(13=0
The transformed problem is solved

numerically by the gradient method. The optimal
parameters are obtained by using the Hamiltonian

equation:

Hia, 8, ¢ v, 4, Ay D)

N-1
=~ ¥ {exp(-d O(c(t)-c,)Hc(t)-cy)
t=1
- g(minfa, (), 0])°
- e(minfa, (1), 01
- e(minic(t), 01

-

- e(max[c(t), 1/2(c, +e,)]F
- e(min{y (), O])*
- e(max[y (L), 11)*

m
+ A lj:IZ P/mna
+{1 - y(OHwW(O - e(B}]

m
+A{1 + L PN a @
=
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+ v (O{w(t) - o(th}]
The gradient of J(t) is:
VIt = 5H/de
= exp(-80){26(t) - (¢, ¢y}
- & min[2e(t), 0] - emax[2¢(t)
{eytey), O] - A ({1 + (D)}

- DY ()

v, (0 = /3y
= - emin [27(1), 0]
- e max[ 2y(1)-2, 0]
CEAGEFT) - ()W) - o0}
And the adjoint equations are:
m
MO =A,0FD{1+ gg(rj)rj}

- emin[2a,(t), 0]

t=1,...,N-1
m
Mty = A IHIH L Pf(rj}rj}
=1
- emin{Za, (1}, 0]
t=1,....N-1

The transitivily condition ts
A = (M)
=-2efa, (Ny+a, (N)-ay)

1V, The resulis of the simulation

In simulation, constants are set in the
following manner. (1) The total working period is
divided into 20 sub-periods, namely N=20. (2) Annuat
income during this period is & million yen per peried
(w=6). (3) Initial assets, a,, are zero at time | and, by
retirement, the household accumulates assets of 10



million yen {a,=10). (4) Parameters of the utility
finction are ¢,=0 and c¢,=60. This assumes that annual
consumption does not exceed 30 million yen. (5) The
time discount rate is 0.05. (8) For the interest rate, we
introduce the probability concept:

Modei 1
Casel Case2 Case3

£,=0.01; p,=0.20 p,=0.60 p,=0.20
r,=0.03; p,=0.60 p,70.20 p,=0.20
r,=0.05; p,=0.20 p,=020 p,=0.60

expected returns:
0.03 0.022 Q.038

Model 2

Case 4 Case 5
1st asset
r=0.01 p,=0.60 p,=0.20
,=0.03 p,~0.20 p,=0.20
r,=0.05 p,=0.20 p,=0.60
expected returns:

0.022 0.038
2nd asset
r,=-0.05 p,=0.20 p,=0.30
r,=0.03 p,=0.50 p,=0.50
=011 p,=030 p,=0.20
expected returns:

0.038 0.022
Model 3

Case 6 Case 7

1st asset
r=0.01 p~=0.20 p=0.20
=0.03 p,=0.60 =020
r=0.05 p,=0.20 0;=0.60
expected returns:

0.03 0.038
2nd asset
r,=-0.05 p=030 7,=0.20
5=0.03 p,=0.50 p,=0.60
,=0.11 p,=0.20 p,=0.20
expected returns:

0.022 0.03

[n model 1, according to the difference of expected
returns for cases 1,2 and 3, there are different streams
for consumption and asset accurmulation paths. In the
optimal consumption profile, a sharp reduction of
consumption is observed in case 2. The decrease
consumption begins after the 14th period and the speed
of decline is the most rapid among the three. In case 2,
the expected return is 2.2%, the lowest among the
three. Tracing the asset accumulation path in case 2,
the accumulation begins and consumption declines
during the 15th period which is also the latest among
the three. In case 3, the reduction of consumption
begins in the 12th period and the rate of decline 1s less
than that in case 2. Due to the earlier reduction in
consumption, asset accumuiation begins in the 13th
period.

The simulation based on model 1 suggests
that the expected rate of return plays an important role
in determining the period beginming of asset
accumutation and reduction of consumption,

In modet Z, the expected rate of retwn for the
designated 1st and 2nd assets are different from each
other, but the values are the same. Because the related
probabilities for r, r, and r, are different, the
consumption and asset accumulation paths are
asymmetric. In case 4, both assets 1 and 2 are utilized
in order io satisfy the desired amount of consumption
and savings, while in case 5 the first asset only is used
for accumulating wealth for retirement. This causes a
different optimal consumption path between cases 4
and 3.

In model 3, examining the asset accurnulation
process, only the Ist asset is used due to the higher
expected returns.

V. Conclusion

We made a simulation model for household
portfolio selection based on optimal control theory in
the life cycle model with stochastic interest rates for
assets. Our finding is: there are many types of sireams
for consumption and asset accumuiation paths
reflecting different combinations of interest rates with
related probabilities.
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Figure 1. Optimal Consumption Stream (cases 1, 2 and Figure 6, Optimal Asset Accumulation Path for the 1sst
k) and 2nd as;-ets (case 5)
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Figure 2. Optimal Asset Accurnulation Path{cases 1, 2,
and 3) -

Figure 3. Optimal Consumption Path{case 4) Figure 8. Gplimal Asset Accurnulation Path for the 1st
and 2nd assets {case )

Figure 4. Optimal Accumulation Path for 1st and 2nd
assets (case 4)

i

Figure 10, Optimal Asset Accumnlation Path for the
Ist and Znd assets {case 7)
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